In search of non-trivial field theories in high dimensions, we study further the tensor representation of the O(N )-symmetric φ 4 field theory introduced by Herbut and Janssen (Phys. Rev. D. 93, 085005 (2016)), by using four-loop perturbation theory in two cubic interaction coupling constants near six dimensions. For infinitesimal values of the parameter = (6 − d)/2 we find infrared-stable fixed point with two relevant quadratic operators for N within the conformal windows 1 < N < 2.653 and 2.999 < N < 4, and compute critical exponents at this fixed point to the order 4 . Taking the four-loop beta-functions at their face value we determine the higher-order corrections to the edges of the above conformal windows at finite , to find both intervals to shrink to zero above ≈ 0.15. The disappearance of the conformal windows with the increase of is due to the collision of the Wilson-Fisher O( ) infrared fixed point with the O(1) mixed-stable fixed point that appears at two and persists at higher loops. The latter may be understood as a Banks-Zaks type fixed point that becomes weakly coupled near the right edge of either conformal window. The consequences and issues raised by such an evolution of the flow with dimension are discussed. It is also shown both within the perturbation theory and exactly that the tensor representation at N = 3 and right at the O( ) infrared-stable fixed point exhibits an emergent U (3) symmetry. A role of this enlarged symmetry in possible protection of the infrared fixed point at N = 3 is noted.
I. INTRODUCTION
The question of the existence of interacting conformally invariant field theories in space-time dimensions d ≥ 4 has been long standing. Using the random walk representation, it has been, for example, rigorously proven that repulsive O(N ) φ 4 field theories are trivial for N = 1 [1] and N = 2, [2] i. e. that the only fixed point of the scale transformation in such a field theory is the Gaussian one. On the other hand, there is a bicritical fixed point for the O(N ) φ 4 theory at d > 4 and any N , but at a negative (attractive) self-interaction. One may then ask if there is a way to represent this fixed point of the φ 4 theory as an infrared (IR)-stable fixed point of another field theory with the same symmetry, which would serve as its ultraviolet (UV) completion. Indeed, there are at least two instances where this is possible: 1) the φ 4 theory at the IR Wilson-Fisher fixed point is believed to be equivalent to the non-linear sigma model at the UV fixed point, 2) the Gross-Neveu model at the UV fixed point is equivalent to the Gross-Neveu-Yukawa field theory at its IR critical point. [3] For the O(N )-invariant self-attractive φ 4 theory this question was raised by Fei, Giombi, and Klebanov [4] , who Hubbard-Stratonovich decoupled the interaction term, to eventually replace the original theory with
(1) with the indices i, j = 1, 2, ...N , the index a = 0, the matrix Λ 0 ij = δ ij , and the symbol d 000 = 1. φ i are the original N real fields that transform as a vector, and z 0 is the real Hubbard-Stratonovich field, scalar under O(N ). The O(N ) symmetry also allows for two quadratic terms, m 2 z z a z a and m 2 φ φ i φ i which are IR-relevant, and which in (1) have been and hereafter will be tuned to zero. To understand the origin of the field theory (1) notice that when g 2 = 0 and m z = 0 the field z 0 can be integrated out, to recover the original interacting term (φ i φ i ) 2 to the leading order in gradient expansion. The interaction g 2 and the kinetic energy term for z a can be thought of, in turn, as being generated by integration over high-energy modes of the fields φ i , in close analogy to the passage from the Gross-Neveu to the Gross-NeveuYukawa field theories, for example. The same theory was also considered as a toy-model of hadron dynamics by Ma. [5] We will call it the "scalar representation".
What is gained by this reformulation of the φ 4 theory is a new possibility for a systematic search for non-trivial fixed points using (6 − d)-expansion, since both cubic interaction couplings g 1 and g 2 become marginal in the same dimension d = 6. It was found that for large N one-loop beta-functions for the two interaction coupling constants do have a Wilson-Fisher O(6 − d) IR-stable fixed point. (For the purposes of this paper an IR-stable fixed point will be defined as a fixed point with only two relevant couplings, which are the above two masses m z and m φ .) As N → 1038.266, however, the WilsonFisher fixed point collides with another O(6 − d) fixed point with mixed stability, which has one additional relevant direction in the IR. Both fixed points then become complex when N < 1038.266. Higher-loop computations [6, 7] conformed to the same scenario, but significantly reduced the value of the critical number of components N above which the real IR-stable fixed point exists at finite d < 6. Nevertheless, the question of the existence of the IR-stable fixed point of the theory (1) in scalar representation for single-digit values of N remained.
It was further realized by Herbut and Janssen [8] that it is equally possible to decouple the interaction term of the φ 4 theory in the tensor channel, so that one ends up with the theory in the form of (1), but with the index a = 1, ...M N with M N = (N − 1)(N + 2)/2 as the number of components of the irreducible second-rank tensor under O(N ), and the M N matrices Λ a as a basis in the space of traceless, real, symmetric, N -dimensional matrices. The real fields z a transform then under O(N ) as components of a second-rank tensor, and the symbol
In particular, for N = 2 the two Λ a matrices are nothing but the two real Pauli matrices, and for N = 3 the five Λ a matrices are the familiar real Gell-Mann matrices. [9] We will call this realization of the O(N ) symmetry the "tensor representation". The combination of the scalar and the tensor representations of the O(N ) model was also considered and studied near six dimensions. [10, 11] The pure tensor representation of the O(N ) model defined as above will be the main subject of the present study.
One-loop renormalization group (RG) analysis of the tensor representation [8] revealed, quite surprisingly and in contrast to the scalar representation [4] , that the IRstable fixed point exists in the intervals 1 < N < 2.653 and 2.999 < N < 4, which include physically interesting low values of N = 2 and N = 3. This suggests that there could be examples of O(N )-symmetric field theories, albeit in higher (second-rank tensor) representation, that are non-trivial in say five dimensions. This conclusion would follow, of course, only if the obtained IR-stable fixed point at a given N within the above conformal windows survives the increase of the parameter 6 − d, from an infinitesimal to a physical integer value of one or two. This however is not guaranteed. To examine this issue Roscher and Herbut [12] have performed perturbative two-loop and functional renormalization group calculations for N = 2, which is particularly simple because the second cubic term identically vanishes, i. e. d abc ≡ 0. They found that the second-loop terms introduce an additional non-trivial mixed-stable fixed point of the beta-function, which is O(1), and which collides with the O( ) IR-stable fixed point as the parameter = (6 − d)/2 is increased. At > c , with c 1, this way the single beta-function at N = 2 for the coupling g 1 had no real zeros left. If correct beyond the particular approximations which were employed this result would conform to one's expectation of triviality of the O(N ) theories in d = 5 or d = 4, but only at the expense of having a new mixed-stable, in this case actually UV-stable finite-coupling fixed point already at the upper critical dimension of d = 6. In other words, the triviality of the tensor representation of the O(2) model in d = 5 this way is obtained at the price of non-triviality in d = 6. In this work we further study the theory (1) in tensor representation, at general N , and by using state-of-theart perturbation theory in the couplings g 1 and g 2 to fourloops. This first allows us to compute Taylor expansions for the critical exponents at the IR-stable fixed point to the order 4 . Setting N = 2 we recover the previous two-loop result [12] , and for all 1 < N < 2.653 we find the same scenario of fixed-point collision and annihilation determining the critical line N c ( ). A good fit to the numerically computed edge of this conformal window to three loops for example is
The mixed-stable fixed point that annihilated the Wilson-Fisher fixed point, while inevitably becoming O(1) right at N = 2, is actually weakly coupled near to and left of the right edge of the conformal window at N = 2.653 ( Figure 1 ). It is another example of a BanksZaks fixed point [13] , and the above expansion may be understood as an extrapolation out of the strictly perturbative regime near the end point = 0 and N = 2.653, where the line N c ( ) is determined by the collision of two weakly-coupled fixed points: one being O( ) (IR-stable Wilson-Fisher) and the other being O(2.653−N ) (mixedstable Banks-Zaks). The second conformal window for 2.999 < N < 4 in Figure 1 also reduces to zero width with the increase of , but in a more elaborate way, as there are several exchanges of stability between the existing fixed points before the IR-stable fixed point finally disappears above certain value of . These intricacies notwithstanding, the final disappearance, or rather complexification of the IR fixed point, is again due to a collision with an O(1) fixed point of mixed stability introduced by higher order terms. The physically relevant case of N = 3 is particularly involved. We first find that at N = 3 both the vector components φ i and the tensor components z a acquire exactly the same anomalous dimensions, up to the computed fourth order in . This indicates an emergence of a larger symmetry between these two representations of O(3), which we then show to be U (3): the fixed point values of the couplings g 1 and g 2 are precisely such that the two cubic interaction terms in the theory (1) at the fixed point can be rewritten compactly as a single trace of the third power of a traceless, Hermitean, three-dimensional matrix (Eq. 25). The IR-stable O( ) fixed point at N = 3 possesses therefore a larger emergent U (3) symmetry, and the critical exponents reduce to those already computed in [7] for the matrix U (N ) model. Increasing the value of , however, we find this fixed point first to exchange stability with another nearby O( ) fixed point with mixed stability in the g 1 − g 2 plane, before that other fixed point, now IR-stable, collides with an O(1) fixed point at some critical value of and annihilates. Again, near the right corner of the conformal window we find that the collision that determines the boundary is between the Wilson-Fisher O( ) fixed point and the O(4−N ) Banks-Zaks-like fixed point. This perturbative region, however, is not smoothly connected to the region that contains N = 3, since there is an exchange of stability between a pair of fixed points around N = 3.684. Nevertheless, the mixed-stable fixed point that annihilates the Wilson-Fisher O( ) fixed point for 2.999 < N < 3.684 is also a Banks-Zaks, albeit weakly coupled at a slightly larger value of N of 4.0057.
The paper is further organized as follows. In the next section we describe the four-loop renormalization group calculation and give the values of the critical exponents, with the emphasis on N = 3. In section III we demonstrate the emergence of the U (3) symmetry at the IRstable O( ) fixed point. In section IV we discuss the evolution of conformal windows with parameters and N , and show how it leads to finite conformal regions in the N − plane. We summarize and comment further our findings in the concluding section. Full four-loop expressions for the beta-functions and the exponents at a general N are given in the appendices.
II. RENORMALIZATION
We turn now to the technical details of the evaluation of the renormalization group functions for (1) . The procedure we followed was similar to that used for the scalar channel of the O(N )-symmetric case at four loops given in [7] and summarize it in this context. As there are two couplings and fields there are a sizeable number of Feynman diagrams to evaluate for the 2-and 3-point functions which could only be handled by an automatic computation. All the graphs to four loops for the two 2-point functions are generated using the Fortran based package Qgraf, [14] , which is then mapped into the syntax of the symbolic manipulation language Form, [15, 16] , which is the working language for the automatic evaluation. At this stage O(N ) group indices are added and the group relation
is implemented within a Form module. The divergent part of each individual graph in dimensional regularization in d = 6 − 2 dimensions is determined by using the Laporta algorithm, [17] . We used both versions of the Reduze implementation, [18, 19] , of the algorithm for the present computation. In general this systematically uses integration by parts to reduce all Feynman integrals of a Green's function down to a small base or master set of integrals. The values of these are determined directly by non-integration by parts methods. For (1) the set of four loop master integrals for six dimensional 2-point functions were given in [7] having been constructed using the Tarasov method, [20, 21] , from the corresponding four dimensional masters given in [22] . In terms of graphs computed for the φ i 2-point function we evaluated 1, 5, 48 and 637 graphs at the respective loop orders from one to four. For the z a field the corresponding numbers were 2, 7, 60 and 723. This summarizes the process for the wave function renormalization. Clearly there is a large number of graphs to compute but this is substantially smaller than the respective number for the coupling constant renormalization. However, to determine the two betafunctions to four loops we exploited a novel feature of renormalizing this scalar field theory in six dimensions. As there are no 4-point and higher vertices in (1) all the graphs contributing to the 3-point functions can be simply generated by making an insertion on each propagator in the 2-point function graphs, [7] . In parallel to this the divergent part of each vertex function of (1) in dimensional regularization can be extracted by nullifying the external momentum of one of the legs. As the critical dimension of (1) is six then a propagator 1/(k 2 ) 2 in a 3-point function, where k is a loop momentum, does not introduce any infrared divergences unlike the case if the critical dimension was four. This means that we do not have to separately generate a substantial number of graphs using Qgraf for the vertex functions. Instead in the computation of the 2-point functions we merely make the replacements, [7] ,
respectively for the φ i and z a propagators where a e and b e are the indices of the external leg. In the second equa-tion the Λ matrices correspond to the matrices from the vertices at either end of the propagator. They are included so that internally one can distinguish which vertex is being inserted in the Form identification. This algebraic expansion is straightforward to implement within the program in the 2-point function. It is truncated in such a way that no more than one term deriving from the 1/(k 2 ) 2 correction is retained. This ensures that only the graphs corresponding to the vertex functions themselves are selected. Both replacements are implemented in each 2-point function with the g 1 coupling constant being deduced from the φ i 2-point function. The other coupling is renormalized via the z a 2-point function. The advantage of proceeding in this fashion, aside from not having to have a separate vertex function computation, is that the Laporta algorithm can be applied to both wave function and coupling constant renormalization in the same full automatic computation.
Moreover as we are interested in the renormalization of the masses of the two fields we can simply implement a replacement similar to (5) for this which is
for the φ i and z a propagators respectively, [7] . The replacement is truncated at O(µ are not masses but merely symbols which tag the origin of the additional term. These are necessary in order to extract the renormalization constants of the 2 × 2 mass mixing matrix of (1). A similar procedure was used in [7] . The final part of the automatic evaluation of the n-point functions is the extraction of the renormalization constants. This is also achieved automatically by the method discussed in [23] . For each of the Green's functions leading to the wave function, coupling constant and mass renormalization one uses the Lagrangian with bare parameters such as g i and the masses. The respective counterterms are introduced by replacing the bare ones with the corresponding renormalized variables. The overall divergence remaining at each loop order after the lower loop counterterm values have been determined is absorbed into the respective counterterm for that particular n-point function. As we have implemented a zero momentum insertion for the coupling constant renormalization we determine the renormalization group functions in the MS scheme.
Given the number of Feynman graphs we had to compute for (1) together with the presence of an O(N ) symmetry the full expression for each of the renormalization group functions is cumbersome and are given in the Appendix, and provided electronically in an attached Supplementary Material file, [24] . To give a flavor of this we record the expressions for the specific case of N = 3. First, the two anomalous dimensions are 
for N = 3. In accordance with our definition of = (6 − d)/2, further definitions of anomalous dimensions, beta-functions, and the mass matrix in Eqs. (7)- (14) also differ from standard definitions [3] by an overall factor of two, to agree with the ones used in [7] . We will provide the standard values of the exponents below.
One aspect of a high loop order computation such as the one undertaken here is ensuring that it is correct. Given the way we enacted the renormalization automatically already provides one internal check. This is because the non-simple poles in of the renormalization constants are not independent. Instead they are precisely determined by all the poles in the renormalization constant from the lower loop order. We note therefore that this internal renormalization group consistency check was satisfied in all the renormalization constants computed which gives us confidence in the correctness of our calculation. Another hidden check emerges from an observation to do with the fixed point structure of the N = 3 case. By solving β i (g j ) = 0 for the critical couplings it transpires that there is a solution where g * 1 = − g * 2 . This was observed originally in the one-loop calculation [8] and as we show in the next section corresponds to an emergent U (3) symmetry, at which the anomalous dimensions of both fields become identical. In [7] the renormalization group functions for a six-dimensional cubic scalar field theory with U (N c ) symmetry were computed directly. Specifying those results to U (3) and evaluating the corresponding critical exponents we find exact agreement with those of (1) at the emergent U (3) fixed point, which provides a solid check on our O(N ) tensor theory. In particular the (standard) anomalous dimensions η φ = 2γ φ (g * i ) and η z = 2γ z (g * i ) at the U (3)-symmetric fixed point are 
where θ i are the two eigenvalues of the matrix 2(δ ij + γ ij (g * i )). Recalling that our = (6 − d)/2 yields the one-loop term in agreement with [8] . The eigenvector corresponding to the larger eigenvalue (θ 2 ) is also at every order a symmetric combination of the two masses, just as one would expect for the U (3)-symmetric theory. This is then yet another check on our calculation.
III. EMERGENCE OF U (3) SYMMETRY
Let us next show that on the line g 1 + g 2 = 0 the last two terms in (1) for N = 3 can be rewritten in a manifestly U (3) invariant way. Consider T r(M 3 ) where M is a three-dimensional, traceless, Hermitean matrix. It can be expanded in terms of Gell-Mann matrices as
where Λ a are the five real, and S i the three imaginary Gell-Mann matrices, with matrix elements
with ijk as the fully antisymmetric tensor. We make no distinction between upper and lower indices, and use them both solely for notational clarity. Evidently, the three S i are the generators of SO(3) in the adjoint representation, and the five Λ a are a second-rank tensorial representation of the same group. Taken together the eight matrices close the algebra of SU (3), as well known.
Then,
The last two terms are identically zero. Consider first the last term: Since inm jml = δ il δ nj − δ ij δ ln the last line reduces to
The third term in Eq. (20) is proportional to
where we used the symmetry property of the Λ matrices in the second term. By exchanging the indices i and l in the second term we can further rewrite this as
Finally the second term in Eq. (20) can be simplified as
using the tracelessness of matrices Λ a . Altogether, the field theory (1) for N = 3 and when g 1 = −g 2 can be written simply as
which is invariant under a global transformation
where U is an arbitrary three-dimensional unitary matrix.
IV. EVOLUTION OF CONFORMAL WINDOWS
One-loop beta-functions display IR-stable fixed points when N falls within certain intervals, as discussed in [8] . Let us briefly recapitulate these results, as they will be now confirmed and extended. First, besides the Gaussian fixed point at g 1 = g 2 = 0, for any N < 4 there is a fixed point at g 1 = 0 and g 2 ∼ at which the fields φ i and z a decouple, first identified by Priest and Lubensky [26] . For 1 < N < 2.653 there is an IR-stable fixed point at finite g 1 and g 2 (the fixed point "B" in Fig. 2 in [8] ). When N → 2.653 the latter fixed point runs away to infinity, in this way terminating the first conformal window within the one-loop approximation. Increasing N further, at N = 2.999 two new fixed points at finite g 1 and g 2 appear, one of which is IR-stable, and the other one is of mixed stability, just like the still present Priest-Lubensky fixed point (Fig. 3 in [8] ). For N = 3 the IR-stable fixed point is at the U (3)-invariant line g 1 + g 2 = 0, at which the fields φ i and z a acquire identical anomalous dimensions. As N → 3.684 the IR-stable fixed point at finite g 1 exchanges stability with the Priest-Lubensky fixed point at g 1 = 0, which now becomes IR-stable. Finally, at N = 4 the Priest-Lubensky fixed point itself runs away to infinity as well. [26] In sum, to the leading order the beta-functions of the theory (1) in tensor representation display two conformal windows: 1) 1 < N < 2.653, which surrounds the point N = 2, and 2) 2.999 < N < 4, which contains N = 3 very close to the left edge of the window, and also exhibits the exchange of stability between two fixed points at N = 3.684.
The values of the boundaries of the conformal windows quoted above may be understood as the leading (∼ 0 ) approximation to some unknown functions N c ( ) [6, 27, 28] , which may be expressed as Taylor series in 1/2 . Tracking the evolution of the fixed-point structure of the two-loop beta functions, for example, we determine the conformal regions in the N − plane, within which an IR-stable O( ) fixed point in the theory (1) exists (Figure 1) . Adding the third and fourth loop terms turns out to alter this structure only quantitatively, and only slightly ( Figure 3 ). The principal new feature brought by two loops and higher is the appearance of the O(1) fixed points already at d = 6, with mixed stability, which collide with and annihilate the IR-stable O( ) fixed points at the upper edges of both conformal regions. This scenario replaces the runaway to infinity of the IR-stable fixed points at N = 2.653 and N = 4 observed in the one-loop calculation. In fact, near these boundary values the mixed-stable fixed point in question at d = 6 becomes weakly coupled, since it is proportional to ∼ (2.653 − N ) for N < 2.653, and to ∼ (4 − N ) for N < 4, so that at small epsilon and near and left of both N = 2.653 and N = 4 the boundaries of both conformal regions result from a collision of two weakly coupled fixed points. The forms of both lines at = 0 are this way determined solely by the universal coefficients of the two-loop betafunctions. While for the left conformal window the exact form seems difficult to obtain analytically due to both beta-functions being involved, the right conformal window is determined only by the second beta-function at 
Comparison of Nc( ) extracted from two-loop, three-loop, and four-loop β-functions, for 2 < N < 2.6535. g 1 = 0, and as N → 4 is given by
The present calculation also agrees well with what was previously found for N = 2 at two loops [12] , which is now a point on the line that goes from (1, 0.154) to (2.653, 0) in the (N, ) plane. Focusing on this line alone for a moment, we show in Fig. 2 the result of the three-loop calculation, together with a fit to the points provided by the Eq. (3). The two leading terms in this expansion should be universal.
One also notices nearly vertical lines on the left edge and inside the right conformal region in Fig. 1 . The first corresponds to the collision of the two O( ) fixed points as N approaches it from the right, and the second to the exchange of stability with the Priest-Lubensky fixed point. Both lines are in fact slightly bent towards left for > 0. Finally, we should mention that precisely at N = 3 with increase of two things happen in succession: first, at a very low value of the U (3)-symmetric IR-stable fixed point and the second mixed-stable O( ) fixed point very close to it exchange stability, so that the U (3)-symmetric fixed point acquires mixed stability in the g 1 − g 2 plane. Increasing further at fixed N = 3 then ultimately brings the new IR-stable (but U (3)-asymmetric) fixed point in collision with another O(1) fixed point, just as at any other N . The U (3)-symmetric mixed-stable fixed point is still present at the tip of the right conformal region, and disappears only at a higher value of , via collision with another IR-unstable fixed point that lies at the U (3)-symmetry line.
V. SUMMARY AND DISCUSSION
In conclusion, we considered a higher-loop perturbative renormalization group for the tensorial representation of the O(N ) φ 4 model close to six dimensions. In general, the Wilson-Fisher IR-stable O( ) fixed point which was previously found in the one-loop calculation with increase of the parameter = (6 − d)/2 becomes complex at some value of which is low enough to render the theory trivial in d = 5. This however, happens only because higher loops in the beta-functions generally introduce a non-trivial O(1) mixed-stable fixed point which exists even in d = 6, and which collides with and annihilates [29] the IR fixed points at some finite . We nevertheless obtained the critical exponents of the IR fixed points to the order 4 . The O(1) mixed-stable fixed point becomes weakly coupled in the right corners of both conformal windows, where it can be understood as another example of a Banks-Zaks type of fixed point.
It should be emphasized that the disappearance of the IR fixed points in the theory (1) before the physical (integer) dimensions such as d = 5 necessarily comes at a price: since at small a real IR fixed point exists both for N = 2 and N = 3, it can be moved into the complex plane only through a collision with another fixed point with mixed stability. As a matter of principle, such an additional fixed point may either appear at a finite , or exist already at d = 6. We find generally the latter to be true in two-and higher-loop beta-functions for the tensor representation. At N = 2 there is no O( ) fixed point other than the decoupled Priest-Lubensky fixed point, whereas for N = 3 there is another non-trivial fixed point with both g 1 ∼ and g 2 ∼ available for a collision, but the IR-stable fixed point has a larger emergent symmetry. In both cases one of the two O( ) fixed points which could in principle collide lie at the RG-invariant highersymmetry lines: the mixed-stable Priest-Lubensky fixed point at the decoupled line g 1 = 0 for N = 2, and the IR-stable fixed point at the U (3)-symmetric g 1 + g 2 = 0 line for N = 3. This feature prevents their annihilation by any fixed point which is not on the same special line, and the only event in which these points can participate is an exchange of stability [30] . Therefore both for N = 2 and N = 3 the only option for the ultimate annihilation of the IR-stable fixed point is by some O(1) fixed point of mixed stability, which is precisely what we find. The existence of the mixed-stable fixed point may of course be simply an artifact of the perturbative expressions for the β-functions. If that is the case, however, we hope that the above discussion makes it clear that the theory (1) will have IR fixed points at d = 5, at least within the usual scheme of -expansion. If not, the infrared triviality in d = 5 is a consequence of the existence of a mixed-stable non-trivial fixed point in d = 6, which is almost equally interesting. The reader should note that the situation in the scalar representation [4] is radically different: there with a decrease of N the IR fixed point always collides with another O( ) fixed point, so they ei-ther both exist in say d = 5 or they both do not. This is similar to what one finds in scalar electrodynamics, for example. [28, 31, 32] It seems also worth noting that the cases of N = 2 and of N = 3 are different in another important respect: the mixed-stable fixed point that annihilates the IR-stable fixed point at N = 2 is connected continuously to the perturbative Banks-Zaks-like fixed point near N = 2.653. Provided the Banks-Zaks fixed point survives the deformation of N from N = 2.653 to N = 2 it may indeed annihilate the Wilson-Fisher fixed point at some finite critical . This critical value, however, does not necessarily have to be such that d c > 5. We find that critical value of at N = 2, however, to be much smaller than unity, independently of the approximation we take. At N = 3, on the other hand, the O(1) mixed-stable fixed point responsible for the annihilation of the IRstable fixed point is not connected to the Banks-Zaks fixed point near N = 4, due to the stability exchange between the Wilson-Fisher and the Priest-Lubensky fixed points around N = 3.684. Nevertheless, the fixed point that annihilates the IR-stable fixed point at N < 3.684 eventually also becomes weakly coupled, but at a higher value of N = 4.0057. As far as we can tell this additional characteristic value of N turns out to be close to N = 4 purely accidentally.
If we would ignore the observed loss of full IR stability of the U (3)-symmetric fixed point with increase of epsilon, it alone would in fact be more robust, and would become complex due to a collision with an another U (3)-symmetric fixed point at a somewhat higher value of = 0.21, in two loops for example. The fixed point that collides with it, however, does not appear to be of Banks-Zaks variety, and its non-perturbative existence may be questioned. Altogether, it is tempting to speculate that the Wilson-Fisher fixed point at N = 3 has a higher chance of surviving in d = 5 than its N = 2 cousin.
In view of the above uncertainties it would obviously be interesting to apply non-perturbative methods to the model (1), such as recently developed conformal bootstrap [33] . Such a study directly in integer dimension has been already performed for the scalar representation [34] . Extending functional renormalization group to the tensorial representation (1) is also desirable. Such a calculation was also done previously on the scalar representation [35] , as well as on the tensorial representation, but only for the special case N = 2 [12] . In the latter case the functional renormalization group agreed with the twoloop calculation on the collision of the O( ) IR and the O(1) UV fixed point at a small critical value of . In this appendix we record the full expressions for the various renormalization group functions for the O(N ) theory. These are more involved compared with those of the Hubbard-Stranonovich decomposition of [4] . When compared to the specific expression for N = 3 in the main text, the couplings g i in the appendix should be understood as ig i in the theory (1) .
The anomalous dimensions of the two fields are 
The large number of terms in comparison with the same anomalous dimensions of [4] derive from the group theory defined by (4). The two four loop β-functions are 1024 153600 30848 
Finally the entries of the mass mixing matrix are 
